Abstract. In this article, we introduce the concept of ordered dualistic partial metric spaces and establish an order relation on quasi dualistic partial metric spaces. Later on, using this order relation, we prove fixed point theorems for single and multivalued mappings. We support our results with some illustrative examples.
introduction and preliminaries
In recent times, Fixed Point Theory has become one of the most useful branches of Nonlinear Analysis, mainly due to its possible applications in several areas. For instance, different classes of matrix, differential and integral equations can be solved using the appropriate techniques in this field. In 1994, Matthews [6] added a new concept in the literature of metric spaces which is known as Partial metric space and obtained a fixed point theorem in Partial metric spaces. After some years, O'Neill [9] coined the idea of dualistic partial metric by extending the range R + 0 to R. Then in 2004, Oltra and Valero [8] come up with Banach fixed point theorem for complete dualistic partial metric spaces. Matthews, in [6] discussed the relationship between partial metric and quasi metric and justify this relation by giving various examples. Then moving on the same pattern, Oltra and Valero in [8] developed the relationship between dualistic partial metric and quasi metric. Recently, Oltra and Valero [8] , Altun and Simsek [2] developed some fixed point theorems in complete dualistic partial metric space. In this article, we introduce an order on quasi dualistic partial metric and prove that it is a partial order induced by ϕ. In section 2 and 3 we use this partial order to prove a fixed point theorem for single valued non decreasing mappings. Moreover, we prove some fixed point results for multivalued mappings satisfying order induced by ϕ. We recall some mathematical basics and results to make this paper self sufficient. Throughout this paper, we denote (0, ∞) by R + , [0, ∞) by R + 0 , (−∞, +∞) by R and set of natural numbers by N. Let T : X → X be a self map, a point x ∈ X is called a fixed point of T if x = T (x). Define a sequence {x n } in X by a simple iterative method such that
This particular sequence is known as Picard iterative sequence. Definition 1.1. [9] Let X be a non-empty set. The function D : X × X → R is said to be dualistic partial metric if it satisfies following properties for all x, y, z ∈ X.
1.
is called quasi metric on
Remark 1.2. It is obvious that every partial metric is dualistic partial metric but converse is not true. To support this comment, define D ∨ :
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It is easy to check that D ∨ is a dualistic partial metric. Note that D ∨ is not a partial metric, because
, is a partial metric. 
exists and is finite. (3) A dualistic partial metric space (X, D) is said to be complete if every Cauchy sequence {x n } n∈N in X converges, with respect to
Following lemma will be helpful in the sequel. 
Definition 1.5. Let (X, D) be a dualistic partial metric space. A sequence {x n } in X is said to be 0-Cauchy sequence if lim n→∞ D(x n , x m ) = 0 and (X, D) is said to be 0-complete if every 0-Cauchy sequence converges in X. A sequence in a set X is called monotone sequence if either it is increasing or decreasing sequence.
Dualistic version of this definition is given by 
Fixed point for single-valued mappings
In this section, we shall prove a fixed point theorem for single-valued mappings in an ordered dualistic partial metric space. We begin with the following lemma.
Lemma 2.1. Let (X, D) be a dualistic partial metric space and ϕ : X → R be a mapping. Define the relation on X as follows;
Then is an order on X, called order induced byϕ.
Proof. As 0 ≤ 0 this implies
Fixed point theorems in ordered dualistic partial metric spaces 173 so is reflexive. Now if p q and q p, we will prove that p = q for this
and
Adding (3) and (4), we get
Since d D is a quasi metric, so (6) entails p = q. Thus is an antisymmetric relation. Lastly, if p q and q r, we show that p r. From condition (2), we have
Adding (7) and (8), we obtain
By triangular inequality
Inequality (9) entails,
So, is transitive. Hence is a partial order on X.
It can be observed from the Lemma 2.1 that ϕ is a decreasing function for the special case when is equal to usual order ≤. Next we discuss the existence of the order defined in Lemma 2.1 through an example.
We get two relations from this, either
Our first result.
Theorem 2.3. Let (X, D) be a 0-complete dualistic partial metric space, ϕ : X → R be a bounded above function and be an order induced by ϕ, and h : X → X is a τ (D)-continuous non decreasing function with h(u 0 ) u 0 for some u 0 ∈ X. Then h has a fixed point in (X, D).
Proof. Suppose that h(u 0 ) u 0 for some u 0 ∈ X and define a Picard sequence in X by u n = h(u n−1 ) for all n ∈ N. Since u 1 = h(u 0 ) u 0 , so u 1 u 0 . And h is non-decreasing, therefore,
Continuing in a similar manner, we get
Now by definition of ϕ, we deduce that
Since ϕ is bounded above, thus, {ϕ(u n )} ∞ n=1 is monotone bounded sequence and hence convergent sequence. Consequently, {ϕ(u n )} ∞ n=1 is a Cauchy sequence, for ε > 0 there exists n 0 ∈ N such that
On the other hand, since u n u m from condition (2), we get
Which implies Since T is a D-order closed map and x n+1 ∈ T (x n ). Thus, v ∈ T (v) and hence v is a fixed point of T . Further T (x 0 ) ≺ 2 {x 0 }. Hence T satisfies all the conditions of Theorem 3.1 and it has a fixed point.
